We study collective excitations in rotating chiral media in presence of magnetic field both in hydrodynamic framework and in kinetic theory. We find that the velocity of the mixed Chiral Magnetic-Vortical Wave is a vector sum of velocities of pure Magnetic and Vortical waves which do not exist separately under simultaneous presence of rotation and magnetic field. We also use relaxation time approximation to prove that this wave is a non-dissipative phenomenon in linear order in B and ω.
INTRODUCTION
Transportation effects driven by anomalies in chiral systems have attracted large interest recently. They can by induced by external magnetic field like in the Chiral Magnetic Effect(CME) , where electric current is generated along the magnetic field due to the presence of axial chemical potential( [1] ). In magnetic field there also exists the Chiral Separation Effect (CSE), where conversely axial current along the magnetic field is generated in presence of vector chemical potential ( [2, 3] ). Another example is the Chiral Vortical Effect(CVE) ( [4] [5] [6] [7] ) occurring in rotating chiral systems.
These anomalous transport effects couple vector and axial charge densities and currents which leads to the existence of gapless excitations such as the Chiral Magnetic Wave (CMW)( [8] ) and the Chiral Vortical Wave (CVW)( [9] ). One may wonder what excitation could occur in the rotating chiral system placed in the external magnetic field. In hydrodynamic framework it was recently investigated in ( [10] ). In this paper we briefly discuss both linear and non-linear case in the hydrodynamic approach and then proceed to the analysis in chiral kinetic theory.
HYDRODYNAMIC APPROACH
In this section we, in general, follow ( [10] ). We consider the rotating system of both right and left Weyl fermions placed in constant homogeneous external magnetic field B. We assume the angular velocity of the system ω to be constant. The expressions for chiral currents are easily obtained from CME, CSE and CVE:
where j R/L = 1 2 (j V ± j A ) (j V is vector current and j A is axial current) and µ R/L = µ ± µ 5 . The corresponding charge densities are n R/L = 1 2 (j 0 V ± j 0 A ). The continuity equations read as
We consider small fluctuations of densities δn R/L on top of a uniform equilibrium background assuming the temperature to be constant. Les us choose the axes so that B = (B, 0, 0) and ω = (ω 1 , ω 2 , 0). Then
We introduce susceptibilities for the corresponding densities χ R/L = ∂n R/L ∂µRL . Let us concentrate on the righthanded particles below. If in equilibrium µ R = µ 0 , then up to the first order
The corresponding velocity of the wave described by this linear equation is
This shows that velocities of CMW and CVW simply sum up as vectors. Note that if B+2µ R ω = 0 the velocity is zero. Let us investigate this case more deeply. We need to take into account the non-linear terms that we have dropped before. Note that
Substituting into (3) (ω 2 = 0 and B + 2µ 0 ω = 0 now) we have
This is Hopf equation and notably magnetic field has disappeared from the expression, so in this case the features of the solution are defined only by vorticity. The implicit solution of this equation is
where F (x) = δn(x, t = 0) is initial density distribution.
KINETIC APPROACH
Kinetic theory recently has been used to study transportation processes such as CME and CVE as well as the corresponding gapless excitations -CMW and CVW ( [9, 11] ). In this section we study the single right-handed Weyl fermion field. While quantization of such a field right particles and left antiparticles emerge, they will be denoted by indices + and -respectively. We consider the temperature to be high (compared to √ B, ω and background chemical potential µ which is necessary for treating fermions classically with the only exception for Berry connection, see [12] ) and constant. Taking similar approach as in ( [9, 11] ) we start from the kinetic equation
where f ± (t, x, p) are distribution functions and C ± [f + , f − ] are collision integrals. The equations of motion for particles (+) in their local rest frame arė
similarly to ( [12] ) with additional Coriolis force term.
Here p = |p|,p = p p and b =p 2p 2 is the curvature of Berry's connection in momentum space. From these equations(and similar equations for antiparticles) we obtain
where √ G ± = 1 + B ′ ± · b modifies phase space volume due to the interplay between effective magnetic field and Berry connection, B ′ ± = B±2p ω is the effective magnetic field.
We now want to linearise the kinetic equation. Consider small fluctuations above the equilibrium Fermi-Dirac distribution f 0± (p):
and take the Fourier transformation of δf ± (t, x, p) to be h ± (ν, k, p). In equilibrium the collision term is zero, so we can write it as
The kinetic equation (9) now becomes
Now we want to average this in the momentum space, so we define the brackets ... ± as
where p = d 3 p (2π) 3 . From the charge conservation constraint one obtains
for arbitrary h ± . Also, the "Lorentz force" term vanishes after averaging and integrating by parts. So, averaging the equations (15) with the corresponding bracket and taking the difference we obtain
Hydrodynamic regime
We now want to study hydrodynamic regime, which similarly to [9] means that we consider h ± to be independent on p and h + = −h − = h. This means h ± can be taken out of averaging brackets and the equation becomes
For ẋ + we have
Analogously
Finally
in our approximation βµ 0 ≪ 1.
where χ is charge susceptibility. So from (20,25,26) we get the velocity of the Chiral Magnetic-Vortical Wave
Notably this result coincides with the one obtained in [10] and reobtained in the previous section.
Relaxation time approximation
We now want to study the effect beyond the hydrodynamic regime and use relaxation time approximation (RTA) for the collision term like in [11] . The collision term in this approximation is
where from the charge conservation
We consider B to be parallel to ω and, moreover, consider only k parallel to them to simplify our discussion. In this case the only preferred direction in space is along B, so h ± could depend only on the absolute value of the component of momentum orthogonal to B so the Lorentz force term in (15) vanishes and we have
So,
The condition of consistency of this system is
We now expand ν in series assuming that B and ω are small:
where ν n = O(B 0 , ω 0 ) ("normal") is the term in the absence of any magnetic field and vorticity and ν a = O(B 1 , ω 1 ) ("anomalous") is the first term of expansion which is responsible for the phenomenon we are studying. If B = 0, ω = 0:
Let us denote χ + = p G + ∂ p f 0+ and, analogously
From (33), (35) and the analogous equation for antifermions we have
so the first term of the expansion is diffusion. Let now B, ω = 0
The last computation requires some clarifications. After the second equality sign we kept only terms up to first order in B and ω. Then in the zero order term we kept both ν n and ν a while in the first order term we kept only ν n as ν a is first order in B and ω itself. Analogously
So we get
and inserting ν n we get
with the last equality holding for kτ ≪ 1. Note that this anomalous (first order in B and ω) part of the dispersion relation turns out to be purely real and, hence, non-dissipative.
DISCUSSION
In this paper we have taken hydrodynamic and kinetic approaches to find the velocity of gapless excitation in chiral media in presence of magnetic field and vorticity -Chiral Magnetic-Vortical Wave. Using these approaches we have rederived the result of ( [10] ) that in the first order in B and ω the velocity in question is given just by the vector sum of velocities of CMW and CVW(in RTA we have proven that only for the case of parallel B and ω and the wave vector k parallel to them as well). Another interesting result is that in RTA CMVW turns out to be non-dissipative in linear order in B and ω as dispersion relation for ν a turns out to be purely real.
